We calculate the ground-state energy, pair correlation function, static structure factor, and momentum density of the one-dimensional electron fluid at high density using variational quantum Monte Carlo simulation. For an infinitely thin cylindrical wire the predicted correlation energy is found to fit nicely with a quadratic function of coupling parameter rs. The extracted exponent α of the momentum density for k ∼ kF is used to determine the Tomonaga-Luttinger parameter Kρ as a function of rs in the high-density regime for the first time. We find that the simulated static structure factor and pair correlation function for infinitely thin wires agree with our recent high-density theory [K. Morawetz et al., Phys. Rev. B 97, 155147 (2018)].
electron systems include future silicon nanowire junctionless field-effect transistor technology. 19, 22, 23 In such systems many-body effects including electron-electron interactions play an extremely important role in electronic transport.
It may be noted that the transverse confinement of the electrons modifies the effective electron-electron interaction potential and hence also plays a role in determining the properties of 1D electron systems. The effects of different models of confinement have been studied by comparing theoretical plasmon dispersions with experimental results. 24 It has been found that the harmonic model of confinement with the proper dielectric constant of the substrate and effective mass of the electron wire material provides the closest description of wires fabricated on substrates.
The effects of interactions in one-dimensional (1D) physics are radically different from those in higherdimensional physics. The famous Landau conventional Fermi liquid theory 25, 26 is not applicable in 1D due to the fact that single-particle excitation energies and their inverse lifetimes are of the same order of magnitude. Further, the strength of these excitations is vanishingly small at low energies. Therefore the prospect of observing non-Fermi-liquid features has given a large impetus to both theoretical and experimental research on 1D materials. Electron-like quasiparticle excitations are distinctive attributes of higher-dimensional physics, whereas in 1D such individual excitations do not exist. The interaction in 1D turns the excitations into collective excitations, which are analogous to density oscillations (spin or electronic density). The theory describing the physical properties of 1D interacting systems (fermions, bosons, or spins) is the TomonagaLuttinger (TL) liquid. [27] [28] [29] The reduced dimensionality qualitatively changes the role of interactions, leading to phenomena such as spin-charge separation, 30 charge fractionalization, 31 and Wigner crystallization.
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The basic behavior of a TL liquid is characterized by key parameters known as the TL parameters or correlation exponents K ρ and K σ . Together with the charge and spin collective excitation velocities v ρ and v σ , these parameters completely determine the low-energy physics of the TL liquid. 33 In the absence of interactions v ρ and v σ reduce to the Fermi velocity, v F , and the TL parameters are equal to unity. For fermions K > 1 corresponds to attractive interactions and K < 1 repulsive interactions. 34 For spin-rotation invariant (K σ = 1) systems, all exponents can be expressed in terms of one parameter, K ρ . The spin-sector K σ = 1 is possible only if spin rotation invariance is broken. The salient properties of a TL liquid are 33 (i) a continuous momentum distribution function n(k) varying as |k − k F | α around the Fermi wavenumber k F , with α being the interaction-dependent exponent, and a pseudogap in the single-particle density of states N (ω) that is proportional to |ω| α , which is a consequences of the absence of fermionic quasiparticles; (ii) correlation functions follow similar nonuniversal power laws, with interaction-dependent exponents; and (iii) spin-charge separation, with spin and charge degrees of freedom propagating at different velocities.
The exactly solvable TL liquid model describes electron correlations with short-range interactions. However, the electrons in a real 1D homogeneous electron gas (HEG) interact via a long-range Coulomb interaction. The long-range character of the Coulomb potential has been studied by Schulz. 35 Further, the mapping of the long-range Coulomb interaction onto an exactly solvable model with short-range behavior has been studied by Fogler. 21, 36 In spite of these works the effects of long-range behavior within the TL model are still not fully understood. The harmonically transversally confined wire with finite width b has been studied with a lattice-regularized diffusion Monte Carlo technique by Casula et al., 37 and by others. [38] [39] [40] Several theoretical works have investigated the 1D HEG within Fermi liquid theory, [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] and have been compared with the simulation results of Casula et al. 37 with limited success. Recently, the ground-state properties of the 1D electron liquid for an infinitely thin wire, and the harmonic wire have been studied using the quantum Monte Carlo (QMC) method by Lee and Drummond 53 for coupling parameters r s ≥ 1. In the present work we study the ground-state properties of infinitely thin and transversally confined harmonic wires using QMC as implemented in the casino code 54 in the high-density regime, i.e., r s < 1. The realistic long-range Coulomb interaction is taken to be 1/|x|, as studied by Lee and Drummond. 53 From the simulated momentum density (MD) we have extracted its exponent α around k ∼ k F , which allows us to find the TL parameter K ρ as a function of r s in the high-density regime for the first time. The TL parameter K ρ we obtain at high density smoothly goes over to the value we obtained for low density from the data of Lee and Drummond.
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It is found that variational quantum Monte Carlo (VMC) correlation energies vary quadratically with r s in the high-density limit. Further, the simulated static structure factor (SSF) and pair correlation function (PCF) for infinitely thin wires are found to agree with our recent high-density theory.
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The paper is organized as follows. The theoretical models used in our calculations for infinitely thin and harmonic wires are described in Sec. II. In Sec. III we outline our computational methodology, and provide the details of our approach. In Sec. IV we present results and discussion pertaining to the ground-state properties of the 1D HEG at high density. Finally, our overall conclusions are drawn in Sec. V. In this article we use Hartree atomic units ( = |e| = m e = 4πǫ 0 = 1) throughout.
II. THEORETICAL MODEL
The Hamiltonian for an N -electron 1D HEG is
where V (x ij ) and V Mad are the Ewald interaction and Madelung energy respectively. The Ewald interaction of an electron at x i with an electron at x j in an infinitely thin wire, determined by using Euler-Maclaurin summation, 56 is
and for the harmonically confined wire the Ewald-like interaction potential is
where b is the width of the wire in units of the Bohr radius, G = 2π/L, and E 1 is the exponential integral function. The Madelung constant V Mad is the electrostatic potential at one electron due to all its periodic images (excluding itself); e.g., for the infinitely thin wire the Madelung constant is
III. COMPUTATIONAL METHOD
We have computed the ground-state properties of the 1D HEG at high density r s < 1 using the VMC method. The details of the calculation method have been discussed by Lee and Drummond. 53 A Slater-Jastrow-backflow trial wave function has been used in the calculation, 57 For
FIG. 1: (Color online) VMC energy (E − E∞)
plotted against the reciprocal of the square of the system size for the infinitely thin wire. The energies per particle were extrapolated to the thermodynamic limit using the form E(N ) = E∞ + BN −2 .
a ferromagnetic system, the orbitals in the Slater determinants were plane waves with wavenumbers k k F = π/(2r s ). Using a backflow transformation 58 provides an effective way to describe the three-body correlations in a 1D HEG. The free parameters in the trial wave function were optimized by unreweighted variance minimization, [59] [60] [61] and energy minimization. 62 The properties of the Slater-Jastrow-backflow trial wave function have been discussed in detail in Ref. 53 , where it has been concluded that for infinitely thin wires the curvature of the wave function does not cancel the divergence in the interaction potential; hence the trial wave function possesses nodes at all of the coalescence points (i.e., at both like ↑↑ and unlike ↑↓ spin pairs). For infinitely thin 1D wires the ground-state energy is independent of the spin polarization, i.e., paramagnetic and ferromagnetic states are degenerate, which implies the inapplicability of the Lieb-Mattis theorem, 63 whereas the ground-state energy is dependent on density. In the case of the harmonic wire, the paramagnetic and ferromagnetic sates are nondegenerate and there is nontrivial dependence on the spin polarization ζ = |N ↑ − N ↓ |/N . However, in this work we restrict ourselves to calculations for the fully spin-polarized (ζ = 1) ferromagnetic fluid.
We have performed our calculations using only VMC. This is due to the fact that the VMC and diffusion Monte Carlo (DMC) results differ insignificantly. For example, for r s ≥ 1, Lee and Drummond 53 found VMC to retrieve more than 99.999% of the correlation energy, while the VMC and extrapolated DMC estimates of the MD differ by no more than ∼ 2 error bars.
IV. RESULT AND DISCUSSION
Ground-state energy: We have calculated VMC ground-state energies for r s = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, and 0.9, with the number of electrons being N = 37, 55, 77, and 99 for both infinitely thin and harmonic wires, and we have extrapolated to the thermodynamic limit. These results are given in Table I . For infinitely thin wires the energies per particle were extrapolated to the thermodynamic limit using the form E(N ) = E ∞ +BN −2 , where B and E ∞ are fitting parameters, which was derived in Ref. 53 using the method proposed in Ref. 64 . This form is also in agreement with conformal field theory results. 65, 66 We used the same functional form for finite-size extrapolation of the energies of harmonic wires. Figure 1 shows that this form fits the energy per particle of an infinitely thin wire well, and allows extrapolation to the thermodynamic limit. We used a Slater-Jastrow-backflow wave function for both infinitely thin and finite-thickness systems at high density, as used by Lee and Drummond 53 for low-density calculations. For the infinitely thin wire with r s = 0.9, N = 99, and ζ = 1, the error bars on the ground-state energy were O(10 −7 ) a.u. per electron. The correlation energies for infinitely thin and harmonic wires are calculated from the VMC ground-state energy.
The exchange energy is obtained 52 as
where ζ is the spin polarization, γ is Euler's constant and L = − ln(b). For infinitely thin wire β = 0 and for thin harmonic wire β = (γ/2) − ln (2) . Note that the logarithmic thickness of the wire is defined by L −1 , and L cancels with the neutralizing background in the thermodynamic limit.
In Fig. 2 , the correlation energy is plotted against r s , and it is fitted with the quadratic function ǫ c (r s ) = Table I ) becomes unphysically positive.
Pair correlation function: The parallel-spin PCF is defined as
where ρ σ is the electron density for spin σ, x i,↑ is the position of the i th electron with spin σ, and the angular brackets · · · denote an average over configurations distributed as the square modulus of the wave function.
The PCFs for an infinitely thin wire and a harmonic wire of thickness b = 0.5 are plotted in Fig. 3 for several values of r s < 1. In Fig. 4 we have compared the simulation with our recent high-density theory 55 for infinitely thin wires, which was obtained in the b → 0 limit for cylindrical wires. It may be recalled that the random phase approximation is known to lead to negative values of g(r) at small distances, 55 and this artifact is removed in the high-density theory which takes into account the vertex correction.
Static structure factor: The SSF S(k) is defined in terms of the PCF as
where g(x) is g ↑↑ (x) in this case. The SSF contains information about the phase of the system. By using Eq. (6) in Eq. (7) we obtain an expression for S(k) which shows that it is a measure of the average squared amplitude of density fluctuations of wavenumber k.
The most interesting physics comes out of the behavior of the SSF at k = 2k F , because this corresponds to fluctuations with period 2r s , which is the average interelectron spacing. The height of the 2k F peak in finite-cell SSFs does not scale as N but appears to be sublinear, 53 as shown in Fig. 5 , which is consistent with the presence of quasi-long-range order. In this work we confirm that the SSF as a function of the wavenumber shows the typical uncorrelated behavior at high density with the double Fermi wavenumber 2k F as characteristic inverse length. Also we have compared the simulation with the analytical expression for the SSF as given in the highdensity theory. 55 As shown in Fig. 7 , the theoretical SSF calculated from the formula (given in Appendix A for ready reference) and the simulated SSF are in excellent agreement. In Fig. 6 we have plotted the SSF peak height at k = 2k F against N , and it is fitted with a function S(k = 2k F ) = a + b/N . In the thermodynamic limit the peak height tends to a constant value. For r s = 0.5, 0.6, 0.7, 0.8, and 0.9, the height becomes a = 1.12976, we increase the coupling parameter r s , the peak height in the thermodynamic limit is also increased.
Momentum density: The MD is a fundamental quantity and it is calculated from the ground-state trial wave function using the formula
where the trial wave function, ψ T (r) is evaluated at (r, x 2 , . . . , x N ). The angular brackets denote the VMC expectation value, obtained as the mean over electron coordinates (x 1 , . . . , x N ) distributed as |ψ T | 2 . In higher dimensions d > 1, the single-particle states are occupied up to the Fermi energy at T = 0. So the MD of a state with momentum k has a discontinuity at the for a free-electron (noninteracting) system, and the spectral function for free electrons is a delta-function peak. Now when the interaction is switched on, the remarkable Landau Fermi liquid theory applies and the properties of the system remain essentially similar to those of free fermionic particles. The elementary particles are not the individual electrons anymore, but are dressed by the density fluctuations around them and are called quasiparticles. The MD n(k) of a state with momentum k still has a discontinuity at the Fermi wavenumber k = k F (the spectral function possesses a quasiparticle peak), but with reduced amplitude Z < 1. On the other hand, in 1D the interaction leads to a power-law behavior in the MD, which is continuous at k F , though the derivative of the MD is singular at k = k F . Near the Fermi wavenumber the TL liquid theory predicts the MD should take the form 28, 68 
where n(k F ), A, and α are density-dependent parameters. The exponent α may be written in terms of the TL parameter K ρ as In Fig. 8 we have plotted the MD using VMC for an infinitely thin wire (b = 0) and a harmonic wire of width b = 0.5. We have used a single system size, N = 99, for which the energy is close to the thermodynamic limit; moreover, finite-size effects in the MD appear to be small at low density. 53 To extract the value of the exponent α, we have fitted Eq. (9) to our MD data near k F . The range of MD data used in the fit is described by |k − k F | < ǫk F . Ideally ǫ → 0, as Eq. (9) is only valid for k → k F . As shown in Fig. 9 , we perform linear extrapolation of α (9) to the MDs of ferromagnetic 1D electron gases and extrapolating to ǫ = 0, plotted against rs. The error bars on the data points approximately account for the random error due to the Monte Carlo evaluation of the momentum density of the trial wave function (approximate because the data points in the MD are correlated); however, the random noise on the exponents is clearly larger than these error bars. There is an additional uncertainty in the MD and hence α due the stochastic optimization of the trial wave function, and this may be responsible for the larger noise. Nevertheless, the noise in the exponent α as a function of rs is at least an order of magnitude smaller than the systematic behavior. 
Lee and Drummond
53 for lower density. The variation of the exponent α with r s is plotted in Fig. 10 . It is found that in the high-density limit α tends to zero, whereas Lee and Drummond 53 have found that in the low-density limit α tends to 1. The exponent α for r s = 0.5 as a function of the width b of the wire is shown in Fig.  11 . As the width of the harmonic wire decreases the exponent α increases. Using a cubic fit the exponent is extrapolated to b = 0, giving α = 0.0538 (6) , which agrees with the result for an infinitely thin wire [α = 0.0505(2) at r s = 0.5]. Further, the TL parameter is obtained from Eq. (10) as
It is noted that for repulsive interactions K ρ is positive and < 1. The value of α is approximately given by α = tanh(r s /8). 53 This formula continues to describe the value of α for r s < 1 for the infinitely thin wire, although the fractional error increases significantly when r s ≤ 0.5. When substituted in the relation between K ρ and α, this yields
This is plotted in Fig. 12 as function of r s (and in the inset as a function of α). The low-density data have been taken from Lee and Drummond. 53 The TL parameter K ρ we obtain for high density smoothly goes over to the value we obtained for low density from the data of Lee and Drummond. 53 The TL parameter K ρ is well represented by the formula given in Eq. (11) for the infinitely thin wire.
In the present work the TL liquid behavior is characterized by the power-law decay in the momentum distribution function at the Fermi wavenumber. The TL parameter K ρ gives a quantitative value of the correlation strength. Small values of the TL parameter K ρ imply a strongly correlated system. The results in Fig.  12 immediately indicate non-Fermi liquid behavior. In other words, we confirm in the present study that howsoever small the interaction may be, the electron fluid in 1D behaves as a TL Liquid. We further observed that the structure factor at k = 2k F has a peak even in the high-density regime.
Our high-density simulation predicts an exponent α between 0.02 and 0.12, whereas in the low-density regime 53 it ranges from 0.12 to ∼ 1. There have been experiments in the low-density regime, e.g., in carbon nanotubes, but experimental results for the high-density 1D electron fluid are not yet available.
V. CONCLUSIONS
We have performed a detailed VMC study of 1D electron fluids interacting via long-range Coulomb potentials for infinitely thin and harmonic wires at high density. For the infinitely thin and harmonic-wire models, we have reported the VMC ground-state energy in the thermodynamic limit. Using the VMC ground-state energy we have calculated the correlation energy. The predicted correlation energy is in agreement with conventional perturbation theory results 67 at high densities. The calculated SSF shows a peak at 2k F . The VMC SSF and PCF data show very good agreement with the high-density theory.
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For r s < 1 we have reported VMC results for the MD as function of wavenumber k, and the data are used to predict the Tomonaga-Luttinger parameter for infinitely thin and harmonic wires. It is found that the exponent α ranges from 0.02 to 0.12 in the high-density limit. The exponent has been used to obtain the Tomonaga-Luttinger parameter K ρ as a function of r s . It is hoped that our work will motivate experimental work on high-density 1D electron systems. One example of a suitable material for study is a zigzag carbon nanotube placed on a SrTiO 3 substrate.
